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(3) FFT (Fast Fourier Transform)
(4) FFT $+\mathrm{S}\mathrm{h}\mathrm{o}\mathrm{u}\mathrm{p}$ CRT (Chinese Remainder Theorem)
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(3’) FFT
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2 KaratSuba FFT ShOuP CRT
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2 KaratSuba FFT ShOup CRT
$\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$
Karatsuba FFT
Chinese Remainder Theorem $\text{ }$. Shoup
21 Karatsuba
$f(x)$ $g(x)$ $x$ $n$ $f(x)$ $g(x)$ $\frac{n}{2}$
$f(x)$ $=$ $a(x)\cdot x^{n/2}+b(x)$ ,
$g(x)$ $=$ $c(x)\cdot x^{n/2}+d(x)$ ,
$x(_{X})\cdot y(X)=a(x)\cdot C(x)\cdot X^{n}+(a(X)\cdot d(_{X)()C(_{X)}}+bx\cdot)\cdot xn/2+b(_{X})\cdot d(_{X})$,
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$x(x)\cdot y(x)=a(x)\cdot c(X)\cdot X^{n}+(a(X)\cdot c(X)+b(x)\cdot d(x)+(a(x)-b(x))\cdot(d(X)-C(X)))\cdot x^{n/2}+b(X)\cdot d(x)$,
reduction 3 6
$\circ$ Karatsuba $[4]_{\circ}$
Karatsuba $T(n)$ $n$ $C$
6
$T(n)$ $=$ $3\cdot T(n/2)+C\cdot n$ ,
$=$ $3\cdot(3\cdot T(n/4)+C\cdot n/2)+C\cdot n$ ,
$=$ $3^{\log()}2Tn.(1)+c \cdot n\cdot\frac{(3/2)\log_{2(n)}-1}{3/2-1}$
$=$




Risa – ( ) reduction
2.2 FFT
$\mathrm{F}\mathrm{F}\mathrm{T}$ (Fast Fourier Transform) Fourier
FFT
Cooley-Tuckey












FFT ( 2 ) FFT
2 FFT $\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{l}\mathrm{y}$
$X$ $=$ $x+W^{k}\sim y$ ,
$\mathrm{Y}$ $=$ $x-W^{k}\cdot y$ ,
$\log_{2}$ ( )
$x_{\text{ }}y$
$X_{\text{ }}\mathrm{Y}$ $W^{k}$ 1 ( )
$n_{\text{ }}$ ( ) $C$








– Chinese Remainder Theorem ( CRT)
CRT
$\mathrm{Z}$
1 (Chinese Remainder Theorem) $a$ $q_{1^{\text{ }}}\cdots\text{ }q_{l}$ $P=q_{1}\cross$
$\mathrm{x}q\iota$
$\iota$
$\mathrm{m}\mathrm{o}\mathrm{d} (a, P)=\sum_{i=1}a_{i}\cdot m_{i}$
.
$a_{i}--\mathrm{m}\mathrm{o}\mathrm{d} (a, q_{i})\text{ }m_{i}--z_{i}\cdot(P/q_{i})$ $z_{i}$ $\mathrm{Z}/q_{i}\mathrm{Z}$ $P/q_{i}$
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$\mathrm{Z}/P\mathrm{Z}\approx \mathrm{Z}/q_{1}\mathrm{Z}\oplus\cdots\oplus \mathrm{Z}/q_{l}\mathrm{Z}$ ( $\approx$ )
$\mathrm{Z}/P\mathrm{Z}$ $a$ $i$ $\mathrm{Z}/q_{i}\mathrm{Z}$
$a$
$P$ FFT $q_{1^{\text{ }}}$
$\ldots\text{ }q_{l}$ $P$ $q_{i}$ FFT
CRT $P$ $s$
$\mathrm{m}\mathrm{o}\mathrm{d} (s,p)$
$P$ CRT $(-P/2, P/2)$
$M$
2 $\cdot M\cdot p^{2}<P$,
$P$ bit 100 300-bit $P$
CRT VShoup
$-$ [7] Risa CRT
Shoup
$-$ $a$ $S= \sum_{i}a_{i}\cdot m_{i}$ $a\in(-P/4, P/4)$
( ) $P$ 1-bit
$a$ $=$ $\mathrm{m}\mathrm{o}\mathrm{d} (S, P)$ ,




$\sum_{i}a_{i}\cdot \mathrm{m}\mathrm{o}\mathrm{d} (mi,p)+\mathrm{m}\mathrm{o}\mathrm{d} (-P,p)\cdot\lfloor\sum_{i}a_{i}\cdot\frac{z_{i}}{q_{i}}-0.5\rfloor$ ,
$\mathrm{m}\mathrm{o}\mathrm{d} (a,p)$ $=$ $\mathrm{m}\mathrm{o}\mathrm{d} (t,p)$ .








bit 100-bit 300-bit 10-bit bit 1 200
30
4
$100_{\text{ }}200_{\text{ }}$ 300-bit .
Karatsuba FFT
FFT $+\mathrm{S}\mathrm{h}\mathrm{o}\mathrm{u}_{\mathrm{P}}$ Karatsuba
FFT 1 bit reverse
cross over
Karatsuba








Karatsuba Karatsuba FFT $+\mathrm{S}\mathrm{h}\mathrm{o}\mathrm{u}\mathrm{p}$
4.2 Intel






Karatsuba Karatsuba FFT $+\mathrm{S}\mathrm{h}\mathrm{o}\mathrm{u}_{\mathrm{P}}$
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hmul FFT ( $32\mathrm{b}\mathrm{i}\mathrm{t}$ )
sfmul FFT $+\mathrm{S}\mathrm{h}\mathrm{o}\mathrm{u}\mathrm{p}$ CRT ( $32\mathrm{b}\mathrm{i}\mathrm{t}$ )
hmul FFT ( )
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